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Abstract. The paper is dedicated to the investigation of Carleman condition influence on
the Fredholm property of the boundary value problem for a first order elliptic equation. The
obtained necessary conditions have led to the following results. If the boundary conditions
of the given boundary-value problem satisfy Carleman condition then this problem can be
reduced to a Fredholm integral equation of second kind whose kernel can contain only
weak singularity. If Carleman condition is not satisfied then the posed problem is reduced
to a Fredholm integral equation of first kind with non-singular kernel.
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1. Introduction

As is well known in the course of mathematical physics [1] and partial
differential equations [2], boundary value problems are considered mainly for the
Laplace equation and various elliptic equations of even order [3].

Note that in contrast to ordinary differential equations, where the number of
boundary conditions coincides with the highest order of the derivatives in the
equation [4], for partial differential equations the number of boundary conditions
coincides with the half-order of the differential equation under consideration [1]-
[3].

For the Laplace equation there is given one condition: either the Dirichlet’s or
Neumann'’s, or Poincare’s. For the biharmonic equation (of fourth order) there are
given two boundary conditions.

If we seek an analytic function in a bounded domain, then in the boundary
condition there is given relationship between the real and imaginary parts of this
function [5]-[6].

In studying the process in a nuclear reactor the mathematical model of this
process is given by a linear integro-differential equation of first order in three
dimensions [7]. Naturally, for such an equation, the boundary conditions of
Dirichlet, Neumann or Poincare (local conditions that determine the boundary
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values of the solution) are unacceptable because such boundary conditions are
given for second-order equation. Therefore, V.S.Vladimirov [7, p.51] sets the
boundary conditions for almost half of the border, as the other part of the border is
free of boundary conditions.

According to A.V.Bitsadze, such problems are badly set. It was said at a
Bitsadze’s seminar at Steklov’s Institute. According to Bitsadze, the entire
boundary must be the carrier for a given boundary condition.

Therefore, we have given nonlocal boundary conditions [8]-[9]. In this case,
firstly, in each boundary condition the entire boundary is the carrier of this
condition, and, secondly, we remove the misunderstanding between linear ordinary
differential equations and partial differential equations associated with the number
of boundary conditions.

Some authors in connection with the Cauchy-Riemann equations give the
Dirichlet condition, but suggest that the given boundary function satisfies certain
conditions [10]. We have identified these relationships as the necessary conditions
containing singular integrals. Instead of regularization of these singularities (which
is not so simple, because we have not only a singularity, but are on the spectrum
[11]-[12]), Begehr assumes that the given boundary function satisfies these
relations. Such a restriction is unacceptable.

As we noted above, we have given nonlocal boundary conditions. Under
these conditions, at least two points move on the border at the same time. Then
there is another difficulty. Carleman [4], [13] set that if a few points move along
the boundary at the same time then the problem is badly posed if the neighboring
points follow each other.

In all our papers (see website http:/nihan.aliev.info which contains nearly
150 works) the Carleman condition holds true, i.e. the adjacent points move either
in the opposite directions or towards each other along the boundary.

The paper is devoted to a boundary-value problem for elliptic equations of
first order (Cauchy-Riemann equations) with nonlocal boundary conditions.

In the first problem when the Carleman condition holds true the problem
reduces to a Fredholm integral equation of the second kind with non-singular
kernel. The second problem is also posed for the Cauchy-Riemann equation with
nonlocal boundary conditions, where the Carleman condition doesn’t hold true.
This problem is reduced to a Fredholm integral equation of the first kind with non-
singular kernel.

2. Main results

If in a boundary-value problem there are at least two points on the boundary
then they should not follow each other otherwise this problem is not called a “good
problem” [5]. In this paper we will show how the above idea which belongs to
Carleman impacts on the Fredholm property of a boundary-value problem.

Let us consider the following problems:
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In the expressions above D is a bounded convex domain with respect to X, -
axis with boundry I which is a Lyapunov line. Here i =+/—1 is the imaginary
unit, @, (X1 ), a, (X] ) , a(xl) and f(X) are given continuous functions. We assume
that I' contains two parts I', and I', whose equations can be written as follows
L, =7 ()T % =7, (%) % efa,by]
where I and I', appear as a result of getting projection of I' on the X, -axis by
using lines parallel to X,-axis. I', is the upper part of I',i.e.
71 )=<7.04) % e(a.b),
So, =T, UT,, [a,b]=pr,T, = pr,T,.
Necessary conditions. It is clear that the fundamental solution of Cauchy-Riemann
equation [7] is
1 1
UX=¢8)=—— . : )
27 Xy =&, (X = &)
We can obtain the main relation below by using equation (2.3) and the
fundamental solution (5) [14]
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Here v is an external normal to the boundary I". The second part of the
main relation is the necessary condition. Let’s separate them as follows:

(671 (6)) = [U0D (= €)1, o oot )+ cos(y o+
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In the necessary conditions above by using the expression (3) and by
substituting the integrals over I',, k =1;2, for the integrals over the interval

[a,,b,] we obtain:
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T A GO
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Here o, =0, (X,,&), k=12 is a point between X, and &, . Thus we obtain the
following

(7

dx, —

)

dx, —

Theorem 1. Suppose D is a bounded domain convex with respect to X, -axis, its
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boundary I' = D\D isa Lyapunov line and f(X) is a continuous function. Then
each solution of equation (3) defined in the domain D satisfies the necessary
conditions (7) and (8).

Remark. If we assume f(x)=0 in Theorem 1, then we obtain necessary
conditions for the homogeneous Cauchy-Riemann equation (1).

Now, let us consider the problem (1)-(2). Each of the obtained necessary
conditions includes one singular term. In order to regularize them we prove the
theorem below.

Theorem 2. Under the conditions of Theorem 1, if f(x)=0, a,(x,) k=12,

satisfy the Holder condition , a(x,)e ct (a,.b,)NC[a,,b, ] and a(a,)=a(b,)=0
then we can obtain one regular condition by means of the necessary conditions (7)
and (8).

Proof. Let us form the linear combination of the necessary conditions (7) and (8)
so that after grouping to get singularity only under the integral whose singularity
coefficient coincides with the left hand side of the boundary condition (2) and the
rest of the integrals have no more than a weak singularity:

AR ERAD AN TERACH)E
:LT o (% (%, 74 (%) (¢ iy, 75 (x4 ))dX] +

s X; =&

Ch
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Iozl J-}/I (o)~ )U(X197/1(X1))dxl+
51 7/1'(0'])+i

al(gl)b' U(X1v7’2 X {I_U/z (Xl):|
7 7’2(X )_71(51)+i(x -&)

'az (&) I?’z 7/2( D u(xi,7,(x))
—4 7/2'(0'2)"‘i
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Thus, instead of two singular necessary conditions we have obtained one

+

dx, —

dx, +

+
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regular relationship (9).
Now, let us regularize the necessary conditions of the problem (3)-(4).

Theorem 3. Under the conditions of Theorem 1 if e, (X,), K =1;2, satisfy the
Hoélder condition then we can obtain one regular condition by means of the
necessary conditions (7) and (8).

Proof. On the basis of (4) let us transform the necessary conditions (7) and (8) as
follows:

. b
u(§1:71(§1))=ij%§(1))dxl -

J'[]/l Ul) (Xl)] U(X1:71(X1))dxl+

!

g 71 (‘71)+i
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1blu(a1+bl_xl’72(al+bl_xl){1_i72 (a1+bl_xl)}
+— . dxl
L2 y2(@ +by =% )= (&) +i(a, +b —x - &)
_l f(X) dX
ﬂDX2_71(§1)+i(X1_§1)
i u(al +b, _X1,72(al +b, _Xl))
u(al+b1_§1»72(a1+b1_§1))=;j ¢ dx, —
a 1
_L]l' u(a, +b, —x.,7,(a +b —x,)) y
7 72(0'2 a, +b, - Xlaal+bl_§1))+i
’ a —X,a, +b; — —’a+b—x
(0'2(1 1 th 51)) 7/2(1 | ‘)dxl— (11)

=4
u(x;, 7, (%, ))[1 - i7/1,(xl )}

1
2 71(x)=7,(a +b —&)+i(x —a, b + &)

1

1 )

- dx
5 X _72(31 +b, _51)+'(X1 —a, — b +§1)
Here we substitute X, = a, + b, —#, into the terms including U(X1 Vs (Xl ))

dx, —

and then write X, instead of 7,.

Let us form such a linear combination of (10) aned (11) and group it so that
the coefficient of the singular term coincides with the left hand side of the
boundary condition (4) and, therefore, the singularity vanishes:
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If we substitute the necessary condition (4) into the first integral on the right

hand side of (12) then the expression (12) becomes regular.
Now let us prove the next theorem:

Theorem 4. Under the conditions of Theorem 2 if a, (x,)# 0, k =12 x, €[a,,b, ]

then the problem (1)-(2) is a Fredholm problem.

Proof. Indeed, by taking the regularized expression (9) and the boundary condition
(2) together we can obtain a system of integral Fredholm equations of the second

kind with respect to u(x,, 7, (X,)), k=12 with weak singularity in the kernels:

159



PROCEEDINGS OF IAM, V.1,N.2, 2012

i) { QAR L L LRLEI

Ty —-&
+itjl(a1(§1 (X] ))U(Xls7/1( ) J'(az 51 aZ(X] ))U(X1a72(xl ))dX _
T - - 1
Ial ."71 Ul) 71’( 1)U(X1371(X1))dx 0‘1(51)bl U(Xl,yz X {1 7 Xl)} _
3 -& 7/1,(0'1)+i - Toa ?/2()(1) 71(51) ( 651) .
'052 J‘J’z Gz) yz’(xl)u(xl’}/z(xl))dx +0‘2(<§1)b1 (Xl’}/l {1 I}/l ):|
3 -¢ ;/2’(0-2)+i l 7 all7/1( X;)=7,(& )+ilx, - ‘fl) e
_ 1 i a, (X (X, 7 (%) + (3 ulx,. 7 (%)
u(§1,72(§1))—2a—(§1){0‘(§1)_;£ X — & dx, —
J'(al 5] al( ))U(X1a71 (Xl J'(az 51 az(xl ))U(X1972(X1 ))dX
-4 -4 -
Ial I71 J1 (X1’71(X1))dx _al(é:l)bl U(Xl,}/z(xl){l—i}@ (X )J dx, +
7/1,(0"1)+| 1 Ty Y2 (%) =7 (&)+ilx, - )
+'0‘2 J‘?’z 0'2) 72’(X1)U(X1s72(xl»dx _az(fl)b] ulxi. 71 (x l))[l 7 ( )} dx
3 -$ ;/2’(0'2)+i 1 4 ( ) (1)+'(X1 ) ik

In the case of the second problem we see that the left hand side of the regular
expression (12) is equal to zero since it is the same as the boundary condition (4).
So there remains no unknown out of the integral, i.e. this expression is the first
Fredholm integral. That is why this problem can’t be reduced to the system of
second Fredholm integral equations.
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Kosi-Riman tanliyi ii¢iin sorhod masslasinin fredholmluguna
Karleman sartinin tosiri

N.9O. 9liyev, Y.Y. Mustafayeva, S.M. Murtuzayeva
XULASO
Magals birinci tortib elliptik tip tonlik {iglin serhod maosslssinin fredholmluguna
Karleman sortinin tosirino hosr olunub. Alinan zoruri sortlor Karleman sorti 6doanildikda
ikinci nov, 6denilmedikds isa birinci név Fredholm tipli integral tanliys gatirilir.

Acgar sozlor: sorhod mosoalosi, geyri-lokal sortlor, fundamental holl, zoruri sortlor,
requlyarlagdirma, fredholmluluqg, Karleman sorti.
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Baunsinue ycnoBusi Kapiemana Ha gpearonbMoBocTh paHUYHOM 3agaun
s ypapHenusi Komn-Pumana

H.A Anues, E.1I0. Myctajdaesa, C.M. Mypry3aeBa
PE3IOME

CraTbs MOCBSIICHA BIVSHUIO ycloBus KapiemaHa Ha GpearonsMoBOCTh TPaHHYHON
3amaun i1 ypaBHeHus Komm-Pumana. B pabore mokazaHo, 4TO TpH BBHIIOJIHCHUH
MOTYYSHHBIX HEOOXOAMMBIX YCIOBHHA CYIICCTBOBAHUS PEIICHHS W TPH BBINOJHCHUH
ycnosusi Kapnemana 3amaya CBOAWTCS MHTErpajJbHOMY ypaBHeHHIO Dpexarosbma BTOPOTo
poza, a Ip¥ HEBHIIOIHEHNH—K HHTETPaJbHOMY ypaBHeHUI0 OpearonbsMa nepBoro poja.

KnroueBble ciioBa: KpaeBas 3alada, HEJIOKAIbHBIE YCJIOBHSA, (QyHIaMEHTaNbHOE
pelieHue, HeoOXOMUMBIE YCIIOBHS, peryjspu3auus, (peArolbMOBOCTb,  YCIOBHS
Kapnemana.
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